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1 Introduction 

This paper presents resuhs and conjectures concerning symmetric matrices 
associated to Pascal's triangle. We first give a formula for the determinant 
over Z of the reduction modulo 2 with values in {0, 1} for such a matrix. We 
then study the reduction modulo a prime p of the characteristic polynomials 
of these matrices. Our main results imply a formula for the prime p = 2 
and a conjectural formula for p = 3. 

Consider the symmetric matrix P{n) with coefficients 



i+j 



, <i,j <n . 



We call P(n) the symmetric Pascal matrix of order n. The entries of P{n) 
satisfy the recurrence 

Pi,j = Pi~i,j +Pi,j-i- 

In [2] the first author studied the determinant of the general matrix with 
entries satisfying this recurrence. 

An easy computation yields P{oo) = T where T is the infinite unipo- 
tent lower triangular matrix 



/ 1 

1 1 

1 2 

1 3 



V 



exp 



/ 
1 
2 


V 



with coefficients tij = Q). This shows that det(P(n)) = 1 and that P{n) 
is positive definite for all n € N. Hence all zeroes of the characteristic 
polynomial Xnit) = det(t/(n) — P{n)) (where I{n) denotes the identity 
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matrix of size n) of P{n) are positive reals. The inverse P{n) ^ of P(n) is 
given by 

P(n)-i = (r(n)*)~V(n)-^ 

and T(n)^^ has coefficients (— < i,j < n. Hence T(n) and 
T{n)^^ are conjugate, and thus also P{n) and P{n)^^ are conjugate. The 
characteristic polynomial Xn(i) therefore satisfies Xn{t) = (~^)"'x(l/^) ^-^d 
1 is always an eigenvalue of P{2n + 1), cf. The polynomials Xnit), 

especially their behaviour modulo primes, will be our main object of study. 
For convenience, we write I for I{n) whenever the size of the identity matrix 
is unambiguous. 

Define P{n)2 as the reduction modulo 2 of P(n) with values in {0, 1} by 
setting 

(mod 2)^ G {0, 1} . 

The Thue-Morse sequence Sn — ^ Vi (mod 2) counts the parity of all 
non-zero digits of a binary integer n = ^ fj2*. It can also be defined recur- 
sively by So = 0, S2k = Sfc and S2k+i = ^ — Sk (cf. for instance P). 

Theorem 1.1 The determinant (overZ) of P{n)2 is given by 

det(P(n)2) = n(-l)^'= ■ 

A:=0 

A similar result holds for the reduction modulo 3 of P{n) with values in 
{-1,0,1}. 

In the sequel, we will be interested in the characteristic polynomial 
det(t/ — P{n)) (mod p) for p a prime number. The next result yields a 
formula for n = ]} and is of crucial importance in the sequel. 

Proposition 1.2 Given a power q = p^ of a prime p, the matrix P{q) has 
order 3 over Fp. Its characteristic polynomial Xqi^) = det(t/(g) — P{q)) 
satisfies 

Xq{t) = {t^ + t + 1)^^ {t - 1)^^ (modp) 
where e{q) G { — 1,0, 1} satisfies e{q) = q (mod 3). 

In particular, P{q) can be diagonalized over Fp2 except when p = 3. For 
instance, -P(3) has a unique Jordan block over F3. 

This proposition (except for the diagonalization part) admits the follow- 
ing generalization: 

Theorem 1.3 When q = p} is a power of a prime p and < k < q/2 then 
Xq-k{t) = (t2+t + l)(«-^(«))/^-'=(t-l)(''+2^('?))/2-'=det(t2/ + P(A;)) (mod p) 
where e{q) G { — 1,0,1} satisfies e{q) = q (mod 3). 
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Theorem II .31 completely determines the reduction modulo 2 of Xn{t) as 
follows: Define a sequence 7(0) = 0,7(1), . . . recursively by 

^(2' -k) = '^^ + '^(-'^y _k + 27(/t), < A: < 2'-i . 
3 

Theorem 1.4 For a// n G N 

Xn{t) = {t + l)^(")(i' + * + 1)^'^"^ (mod 2) 
where 72(ra) = ^{n — 7(n)). 



It follows immediately that the matrix I — P{nY is nilpotent over F2 for 
all n G N. 



The first terms 7(1), 


* * ! 


7(32) and 72(1),. 


•,72(32) 


are 


given by 






n 


12 3 4 


5 


6 7 8 9 


10 11 


12 


13 14 


15 


16 


7(n) 


10 3 2 


5 


3 2 5 


11 


6 


9 4 


7 


6 


72 (n) 


10 1 





3 2 3 2 


5 


3 


2 5 


4 


5 


n 


17 18 19 20 


21 


22 23 24 25 


26 27 


28 


29 30 


31 


32 


7(n) 


9 4 15 10 


21 


11 6 9 


4 15 


10 


13 8 


11 


10 


l2{n) 


4 7 2 5 





11 6 9 8 


11 6 


9 


8 11 


10 


11 



The sequence 7(0), 7(1), . . . has many interesting arithmetic features. 
In order to describe them, let us introduce the number b{n) of "blocks" 
of adjacent ones in the binary representation of a positive integer n. For 
instance 667 = (1010011011)2 and so 5(667) = 4. Notice that h{2n) = b{n) 
and 6(2n + 1) = h{n) + 1 - (n (mod 2)) (with n (mod 2) € {0, 1}). This, 
together with 6(0) = 0, defines the sequence b{n) recursively. 

Theorem 1.5 (i) We have 

7(2^ + A;) = ^ -k + A^{k) 

for allO<k< 2^'^. 

(a) We have for all n £ N and 2^"^ < A; < 2'"^ 

7(2' -k)= -i{k) + 27(2'"^ - k) . 

(in) We have 

7(2' + A:) = 1 + 7(2' + A: - 1) + 27(2^ - A:) - 27(2^ + 1 - A;) 

forl<k< 2K 

(iv) We have 

7(2n) = n — 7(n) , 

7(2n - 1) = 7(2n) + (4^(2n-i) _ 1^/3 ^ „ _ ^(^^^ _^ ^^b{2n-i) _ i)/3 ^ 
7(2n + 1) = 7(2n) + (21+2^") + i)/3 = „ - 7(71) + (2I+2K") + l)/3 . 
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Part (iv) of this Theorem gives an ahernative recursive definition of the 
sequence (7(72)). 

Theorem 1 1 . 31 seems to have many generahzations. A first one is given by 
the fohowing: 

Conjecture 1.6 For each integer k > there exists a monic polynomial 
Ck{t) G Z[t] of degree 4fc such that Ck{t) = t'*^Cfc(t~^) with the following 
property: if q is a power of a prime p, and < k < q/2 then 

where e{q) € { — 1,0,1} satisfies e{q) = q (mod 3). 

The first few of these conjectural polynomials Cfc(t) are 



co{t) 


= 1, 






ci{t) 


= - 2t^ -2t + l, 






C2(t) 


= - Qt'^ + - 4t^ + 15t^ - + 4*2 - 


■6t + l, 






= (t^-2t3-2t + l)(t^-16t^ + 4t^-4t^ 




- 16t + 1 


C4(t) 


= t^^ - 58t^^ + 288t^^ - 2A0t^^ + 393*^^ - 
+ 2376t^ - 902*"^ H 58t + 1, 


1440t^^ + 836t^° - 


902*9 



C5(t) = ci{t){t^^ - 196^^ + 2112^'' - 792t" + 1290*^^ - 10560^^ 
+ 2768t^° - 2972*9 + 17424^ - 2972t^ + 196* + 1). 

For p = 2, it follows from Theorem II. 41 and assertion (ii) in Theorem II. 51 
that if Ck (*) exists then 

Ck{t) = (det(*/ + P{k)))^ (mod 2). 

Computations suggest: 

Conjecture 1.7 We have 

Ck{t) = {t + if" det(*/ + P{k)) (mod 3) . 

This conjecture, together with Theorem 11.31 yields conjectural recursive 
formulas for Pn{t) = det(tl(n) — P{n)) (mod 3) as follows: Set po(^) = 1 
(mod 3), pi{t) = l-t (mod 3). For n = 3' ± > 1 with < /c < |- the 
characteristic polynomial Xn(i) (mod 3) is then conjecturally given by 

(t - 1)3' -3fc det(t2/ + P{k)) if n = 3' - A; , 

(t - 1)3' -3fc {t + ifk ^gt(*/ + P{k)) \in = 2} + k . 

In particular, all roots of Xnit) modulo 3 should be of multiplicative order 
a power of 2 in the algebraic closure of F3. 

We conclude finally by mentioning a last conjectural observation: 
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Conjecture 1.8 Given a prime-power q = p = 2 (mod 3), we have 
and 

X(2,-i)/3(i) ^it+ 1)^^+')/' {t - l)^"-'^/' (mod p). 

Remark 1.9 (i) The matrix C = P(2±i) +/(2+l) for q = p^ = 2 (mod 3) 
a prime-power, appears to have a unique Jordan block of maximal length 
overFp. If so, the rows of C^'^'^^^^^ generate a self-dual code overFp. 

(a) Given a prime power q = p^ = 2 (mod 3) as above we set n = ^^j^ 
and k = ^^j^ ■ We conjecture that the characteristic polynomial of the matrix 
Pfc(n) with coefficients 

(i + j + 2k\ „ . . . 
satisfies det{tl — Pk{n)) = (1 + t)" (mod p). 

Remark 1.10 In Theorems 32 and 35] Krattenthaler gives evaluations 
of determinants related to ours, namely of det{ujl -\-Q{n)) where uj is a sixth 
root of unity, and Q{n) has entries i^^'^^'^^) (0 <i,j <n). 

The sequel of this paper is organized as follows: 

Section 2 is devoted to autosimilar matrices. Such matrices generalize 
the matrix P(oo)2 and their properties imply easily Theorem II. 11 
Section 3 contains proofs of Proposition 11.21 and Theorem 11.31 
Section 4 contains proofs of Theorems 11.41 and II. 

2 Autosimilar matrices 

Let 6 > 1 be a natural integer. An infinite matrix M with coefficients m-jj 
{i-,j > 0) is b-autosimilar if mo,o = 1 and if 

i 

where the indices s = "^aiU, t = ^Ti¥ are written in base b, that is, 
ai,Ti € {0,. . . ,b - 1} for ah i = 0,1,2,.... 

We denote by M{n) the finite sub-matrix of M with coefficients ruij, < 
i,j < n. A 6-autosimilar matrix M is non- degenerate if the determinants 

det(M(n)) 

are invertible for n = 2, . . . ,b. 
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Theorem 2.1 Let b > 2 be an integer and let M be a b- auto similar matrix 
which is non- degenerate. One has then a factorization 

M = LDU 

where L, D, U are b-autosimilar and where L is unipotent lower-triangular, 
D is diagonal and U is unipotent upper-triangular. 

Corollary 2.2 Given a non- degenerate b-autosimilar matrix M one has 

n-l 

det(M(n)) = n < 

1=0 

for all n = J2 ^j^* with do = 1 and 

dk = det{M(k + 1))/ det{M{k)) 

for k = 1, . . . ,b — 1. 

Remark 2.3 In general, one can compute determinants of arbitrary b-autosimilar 
matrices over a field K by applying Corollaru \2.^ to the b-autosimilar matrix 
obtained from a generic perturbation of the form 

Mt{b) = (1 - t)M{b) + tP{b) 

(where P{b) is a suitable matrix) and working over the rational function 
field K{t). 

Proof of Theorem 12.11 The genericity of M implies that 

M{b) = L{b)D{b)U{b) 

where L(6) and U(b) are unipotent upper and lower triangular matrices 
and the diagonal matrix D(b) has entries do,o = 1 and d^^k = det(M(/c + 
l))/det(M(/c)) for /c = 1, . . . , 6 - 1. Extending L{b), D{b) and U{b) in the 
unique possible way to infinite 5-autosimilar matrices L, D and U we have 

{LDU)s,t = Ls^kDk,kUk,t 
k 

k=J2i^ib' * 
b-1 

i 

for all s = E aib\ t = nU G N. □ 
The identity 

det(M(n)) = det(L>(n)) 
implies immediately Corollary 12.21 
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2.1 Binomial coefRcients modulo a prime p 

Let p be a prime number. We have then 

(1 + x)" = [](! + xY^"^^ = (1 + x^^T (mod p) 

(using properties of the Frobenius automorphism in characteristic p). This 
imphes immediately the equahty 



n ' 



n 



aUowing (for small primes) an efficient computation of binomial coefficients 
(mod p) . 

This equality shows that the reductions modulo 2 or 3 of the symmetric 
Pascal triangle P with coefRcients 



i + j 



(mod 2) e {0, f } 



respectively 



i + j 



(mod 3) G {-l,0,f} 



are 2— (respectively 3—) autosimilar matrices. 
For p = 2 we have 



f f 
f 



1 
1 f 



1 

-f 



1 f 
f 



which yields do = l,di = —1 and Corollarv 12.21 implies now Theorem ll.il 

Remark 2.4 One can show that the inverse of the integral matrix P{n)2 
considered in Theorem, \l.l\ has all its coefficients in { — 1,0, 1} for all n. 



For p = 3 we have 



/ 


1 


1 






1 









1 










1 


-1 






1 


1 









-2 





V 


1 







I 


1 


1 

2 




I 








1 

2 



1 1 1 

1 \ 
1 



This shows that det(P(?7-)3) (over Z) equals (— 2)"^^ where a and h are the 
number of digits 1 and 2 needed in order to write all natural integers < n 
in base 3. 
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3 Proofs of Proposition 11.21 and Theorem 11.31 



Proof of Proposition 11.21 Let i? be a commutative ring, and let 

A=\ ^ ] e GL{2,R). 




Then A determines a (graded i?-algebra) automorphism (pA of R[X, Y] via 
(pAiX) = + bY and 0^(y) = cX + dY, or alternatively 



MX) 
MY) 



A 



X 
Y 



It is easy to see that (pA ° (f'B = 4>BA- Each (pA restricts to an i?- module 
automorphism of the homogeneous polynomials R[X, Y]n-i of degree n — 1. 
Let A*-"^ denote the matrix of this endomorphism with respect to the basis 

-^n-l xn-2y X"-3y2 . . yn-1 ^^^^^ 



</>^(x«-3y2) 
V c/>A(r"-i) / 



x"-2y 



V y 



n— 1 



Then G GL(n,i2) and (y45)(") = yl^sW. (Another way of expressing 
this is to say that A^'^'^ is the (n — l)-th symmetric power of A.) 

Let us specialize to the case R = ¥p = Z/pZ and n = pK In this case 
^(") = / if and only if ^ is a scalar matrix. The matrix 



A 



yields A^'^'i = P{p^) (mod p). Since A^ = —I, the matrix A^^^ has order 3. 

Let us now compute the multiplicities of the three eigenvalues of P = 
P{p) (mod p) over Fp (the formula for P{p^) is then a straightforward 
consequence of the fact the P{p^) is the /—fold Kronecker product of P{p) 
with itself). 

The easy identity d;) = (^%^^/^) (-4)'= (mod p) for p an odd prime 
and < k < [p — l)/2 shows 



= (l + x)(P-i)/2 (modp) 



and yields tr(P) = (-3)(p~^)/2 = g^^) (mod p) (where e{p) G {-1,0,1} 
satisfies e(p) = p (mod 3)) by quadratic reciprocity. 
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Since the characteristic polynomial for P has antisymmetric coefficients 
(ofc = —Op-k) the two eigenvalues 7^ 1 of P have equal multiplicity r. Lifting 
into positive integers < the solution of the linear system — r + (p — 2r) = 
tr(P) (mod p) yields now the result. 

The case p = 2 is easily solved by direct inspection. □ 

Remark 3.1 Recall that we have (with the notations of the above proof) 
P = P(n) = j4(") (mod p) for n = p^ and introduce L = L(n) = 
(mod p) and L = L{n) = C^^^ (mod p) where 

--(\ -:)'^-{-. -0- 

It is straightforward to check that L and L have coefficients 
lij = {-iy^^ (modp) and kj = {-ly (mod p) 

for < i, j < n. 

Then = -I, but (-/)(") is the identity. Hence P^ = I. Also = I 
and CAC = A"^ . It follows that A and C generate a dihedral group of order 
12, containing —I. Hence j4(") = P and C*^"^ = L generate a dihedral group 
of order 6. 

The group Gp generated by P and L depends on the prime p (but not on 
the power I of n = p^ ). It is isomorphic to a subgroup of PGL2{Fp). For 
all but finitely many primes p, Gp is isomorphic to PSL2{Fp) or PGL2(Fp) 
according to whether —1 is or is not a square in Fp. The exceptional primes 
are 5, 7 and 29 where Gp has order 24, 42 and 120 respectively. 

Proof of Theorem II. 3I Using Proposition E21 we can rewrite the equation 
to be proved as 

{t^ - 1)'= det(t/ - P{q - k)) = det{tl - P{q)) det{t^I + P{k)) (mod p). 

Here, and in the sequel, we write / for I{n) whenever this notation is un- 
ambiguous; also we denote the zero matrix of any size by O. 

We now work over the field Fp. Unless otherwise stated vectors will be 
row vectors. 

It is convenient to define a category £ = Sp^ as follows. Its objects will 
be pairs {V, a) where F is a finite-dimensional vector space over Fp and a 
is a vector space endomorphism of V. A morphism (p : (V, a) — > {W, (3) 
in £ will be a linear map (p : V ^ W with cp o a = (3 o (p. (In fact £ 
is equivalent to the category of finitely generated torsion modules over the 
polynomial ring Fp[X].) If (F, a) is an object of £ we define xi^-, ot-, t) the 
characteristic polynomial of a acting on V , that is, xiV-, Q^i t) = det(t/ — A) 
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where A is a matrix representing a with respect to some basis of V. An r 
by r matrix A defines an object {{FpY,a), denoted by {{¥pY,A), where a 
is the endomorphism defined by A. 

It is easy to see that £ is an abclian category, and that if 

is a short exact sequence, then x(X, 7,t) = x(y, a, t)x(W, /3, t). This is 
because there is a basis for X with respect to which the matrix of 7 (acting 
on row vectors from the the right) is 

ir.) 

where A and B are matrices representing a and /? respectively. 

Set k' = q — k. We can partition the Pascal matrices P{k') and P{q) as 
follows: 



Pik') 



A B 
5* C 



and 




where A = P{k). 

Let A denote the matrix obtained by rotating A through 180°. Then 
P{qf = P{q) and P{qf = I. Hence 

P{qf 

Thus 
and so 




P{k') 



l\2 



-DD^ O 
O C 



From P{qf = P{q) it follows that AD = and from P{q)P(q) = I it 
follows that WD^ = I. Hence ADD^ = I and so 



P{k'f = 

Let V = {Fp)i and X = {Fpf". Let 

Qi 



A-' 
O 



O 

c 



( O I{k) O \ 
O O I{k) 

\m 00) 
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Let (j) : X ^ V he the map defined by the matrix 



Then 



and 



Qi 




/ I O O \ 
A B D 
O O W 



I 


O 




( ^ 


B 


D 


\ 


A 


B 




o 


O 






O 


O 






O 





J 




/ A B D 
O O W 
\ I O O 



where we have used the formulas P{q)'^ = P{q) and P{q)P{q) = I. Hence 
is a morphism from {(Fp)^'',Qi) to ((Fp)^,P(g)) in £. 
Let W = (Fpf and Y = (Fp)^^. Let 




Q2 = 



Let ip :Y he the map defined by the matrix 



Then 



and 




Q2 




where we have used the formula 






/\2 



-A- 
O 



Hence V' is a morphism from ((Fp)^'^,Q2) to ((Fp)*^', P(/c')) in £. 

Wc need to divide into the cases k < q/3 and k > q/3. In the former 
cases (p and ip are injective and in the latter case they are surjective. In the 
former case we consider their cokernels, in the latter case their kernels. 
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The matrix B has size k by q — 2k. If B has rank k (which is only possible 
if k < q/3) then (f) and ip are injective. If B has rank q — 2k (which is only 
possible if > q/3) then (p and ip are surjective. 

The matrix B contains a submatrix 

where r = min(A;, q — 2k). This submatrix has determinant 1 (consider it as 
a matrix over Z and reduce it to a Vandermonde matrix or see for instance 
[2])- Thus B has rank r and indeed (p and ip are injective for k < q/3 and 
surjective for A; > q/3. 

Consider first the case where k < q/3. Let {Xi,6i) and {X2,02) denote 
the cokernels of : ((Fp)3'=,Qi) ^ ((Fp)9,P(g)) and ^ : ((Fp)2^Q2) ^ 
((Fp)*^',P(A:')) in £. Then 

x((Fp)^ P(g), t) = x{{Fp)'\ Qut)x{Xuei, t) 

and 

x((Fp)'=', P(A:'), t) = x((Fp)2^ Q2, t)x(^2, ^2,0- 
It is apparent that 

x((Fp)3^Ql,^) = (^3_l)fc 

and 

x((Fp)2^ Q2, t) = det(t2/ + A-i) = det(t2/ + ^) 
as A and are similar. Hence 

detiti - P{q)) = {t^ - l)''x{Xi,ei,t) 

and 

det(t/ - P{k')) = det{t^I + A)x{X2,e2,t). 

It suffices to prove that {Xi,0i) and (^2,^2) are isomorphic in £. 

As D* is nonsingular, it is apparent that Xi is isomorphic to (Fp)'^~'^^ /Y 
where Y is the row space of B and that the action of 9i is induced by that of 
the matrix C on (Fp)^-^^. It is even more apparent that X2 is isomorphic 
to {Fp)^~'^^/Y and that the action of 62 is induced by C. Hence {Xi,6i) 
and (-^^25^2) are isomorphic in £. This completes the argument in the case 
k < q/3. 

Now suppose that k > q/3. Let (-f^i, ^1) and {K2, O2) denote the kernels 
ofcP: ((Fp)3^gl) ^ ((Fp)'?,P(g)) and V : {{Fp)^\Q2) ^ {{Fp)"' , P{k')) in 
£. Then 

x((Fp)^ P(g), t)x(i^i, ^1, t) = x((Fp)^^ Qi, t) 

and 

x((Fp)'=', P(fc'), t)x(i^2, ^2, t) = x((Fp)2^ Q2, t). 
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Hence 
and 

It suffices to prove that {Ki,6i) and {K2,02) are isomorphic in £. 
As is nonsingular and has inverse D*, it is apparent that 

Ki = {{-uA, u, -uDD^) = {-uA, u, -uA'^) : u G (Fp)^ u5 = 0} 

and we have 

{-uA,u,-uA~^)Qi = {-uA~^,-uA,u) . 

Also 

K2 = {{-uA, u):u£ (Fp)^ uB = 0} 

and 

{-uA,u)Q2 = {-uA~^,-uA) . 

Hence the hnear map 

{—uA,u,—uA~^) I — > {—uA,u) 
induces an isomorphism between {Ki,9i) and (i^2;^2)- 



□ 



4 Proofs for the prime p = 2 

Proof of Theorem 11.41 Set n = 2^ — k and g = 2' where 1 < A; < 2'^-^. 
Theorem 11.31 vields then over F2 

Xn{t) = Xg~kit) = it^+t + l){9-('/))/3-fc(i + i)to+2e(,))/3-fc ^^^^^j ^ p(^))2 

since x 1 — > is an automorphism in characteristic 2. 

By induction on /, the only possible irreducible factors of det(t/(n) — 
P{n)) (mod 2) are {l + t) and {l + t + t^). The multiplicity /i(n) = n{2^-k) 
of the factor (1 + t) in this polynomial is hence recursively defined by 

Mn)= 3 ' -fc + 2Mfc) 

and coincides hence with the sequence 7 of Theorem 11.41 The remaining 
factor of det(t/(n) - P{n)) (mod 2) is hence given by (1 + t + t2)72(n) 
where 72(ra) = ^(n — 7(n)) and this proves the result. □ 
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Proof of Theorem [TSl We have for < /c < 2'^^ 
^{2' + k) = 7(2'+i - (2' - A;)) 

= ^'^'~3^^~^^' -2' + fc + 27(2'-fc) 

^ ^'"-^(-^)' -2' + . + 2 ^' + f^)' -2. + 4,(.) 

which is assertion (i). 

We have for all 2'-^ <k< 2^'^ 

7(2' -A;) = ^i±^ziZ_fe + 7(A;)+7(2'-i-(2'-i-A:)) 

2' + 2(-iy , , .... , 2'-i-2(-iy ,1 , ,^ , 



3 



A; + 7(A;) + ^ - 2'^^ + k + 27(2' 



= 7W + 27(2'" -fe) 

which proves assertion (ii). 

Similarly, we have for 1 <k <2 



7(2' + A;) - 7(2' + A; - 1) = 7(2^+1 - (2^ - A:)) - 7(2'+^ - (2' - A: + 1)) 

= 1 + 27(2' - A:) - 27(2' - A: + 1) 

which proves assertion (iii). 

Writing 2n = 2' - 2A; with 1 < A; < 2'"^ 

we have, using induction on n, 

2' — f— 1)' 

7(2' - 2A:) = ^ '- -2k + 2-f{2k) 

3 

2' - (-1)' 

= ^ ^ -2A; + 2(A:-7(A:)) 



(2^-1 - A:) - - k + 27(fc) 

(2'-^ - A;) - 7(2'-^ - A:) 



which proves the first equality of assertion (iv) (this equality follows also 
from the fact that P{2n) is the Kronecker product of P{n) with P{2) 
over F2). 

The second identity of assertion (iv) amounts to the equality 

4fe(2n-l) _ I 

^(2n - 1) - 7(2n) = . 

We prove first by induction on n that this identity is equivalent to the last 
identity. 



14 



The last identity and induction yield 

7(2n - 1) - 7(2ra) = 7(2n - 1) - 7(2n - 2) + 7(2n - 2) - 7(2n) 

2l+26(n-l) _|_ I 

= l+7(n)-7(n-l). 

We now divide into cases according to the parity of n. 
Suppose first that n = 2m is even. Then inductively 

^fe(2m-l)-l ^6(n-l)-l 



7(n) — 7(n — 1) = 7(2m) — 7(2m — 1) 

o o 

Hence 

9l+26(n-l) I 1 22f'(™-l) _ 1 Q2b{n-1) _ -i 

7(2n - 1) - 7(2n) = -1 + ^ = . 

But 

226(n-l) _ ^b{n-l) _ ^b{2n-l) 

as the binary representation of n — 1 ends in 1 and that of 2n — 1 is obtained 
by appending 1. 

Now suppose that n = 2m + 1 is odd. Then 

2l+2b(m) _|_ 2 2^+2''(2n*) + 1 

7(n) - 7(n - 1) = 7(2m + 1) - 7(2m) = = ■ 

Hence 

2l+26(n-l) I 2 2l+2''('^-l) + 1 2^+^''("~-'-) — 1 

^(2n - 1) - 7(2n) = -1 + + = . 

But 

22+26(n-l) _ ^l+6(n-l) _ ^6(2n-l) 

as the binary representation of n — 1 ends in and that of 2n — 1 is obtained 
by appending 1. 

This completes the proof of equivalence of the two last identities in as- 
sertion (iv). 

We prove now the last identity by induction on n. 
The last identity of assertion (iv) is equivalent to 

2l+26(n) I I 

7(2n + 1) - 7(2n) = . 

Writing 2n + l = 2^ + k with 1 < /c < 2' and applying assertion (iii) and the 
second identity of assertion (iv) (which holds by induction) we have 

7(2n + 1) - 7(2n) = 1 + 27(2' - k) - 27(2' + 1 - A;) 

46(2' -fe) _ 1 

2l+2/)f2'-A-) ^ I 
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Since (2' + A; - 1) + (2' - k) = 2'+^ - 1 and since 2' + - 1 is even and 
greater than 2' — k, they have the same number of blocks 1 ... 1 in their 
binary expansion. This shows 6(2' — k) = b{2n) = h{n) and estabhshes the 
last identity of assertion (iv). □ 

The first author wishes to thank J. -P. Allouche, F. Sigrist, U. Vishne 
and A. Wassermann for interesting comments and remarks. 
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